In this paper a unified treatment of the decay theory is presented to reformulate the existing one in a more explicit form by treating radiative and vibronic interactions simultaneously. This treatment is based upon the Green function formulation in terms of the second quantization. Here the· molecular eigenstate is treated as a Fermion. The retarded Green function related to any physical processes is obtained by use of the method of equation of motion. From the analysis of the self-energy part, one and two-photon processes are discussed in detail. First, in order to compare the pr~sent treatment with perturbation theory or the configuration interaction method, it is applied to a simple system. Next, an application to a three-level system shows a good agreement with the results of Mower's theory. Finally, for the system consisting of a discrete state and a continuum, the radiative decay in the case of internal conversion is properly discussed under the approximation that only the diagonal part· of the self-energy part is taken into account. § I. Introduciion Many processes concerning ex.cited states of molecules are of great interest. The transition from one state to the other by absorption or emission of a photon is elucidated in detail by Heitler 1 l on the basis of time-dependent perturbation theory. Recently, from studies of :fluorescence and phosphorescence in considerably large molecules, it has been noticed that intramolecular radiationless transitions also play important roles. Thus the radiationless electronic relaxation process in molecules is of considerable interest as well as the radiative one in molecular spectroscopy. The radiationless transition between the electronic states of the same multiplicity is referred to an internal conversion, while the transition between states of different multiplicity is called intersystem crossing. In discussing the above processes, perturbation theory is not applicable in general, because the transitic,m occurs between nearly degenerate levels and the interaction energy is much large than the energy separation. Therefore a number of nonperturbative treatments have been presented. In particular, Mower 2 l treated the 'stimulated transition between closely coupled unstable states. His treatment is based upon a Green function formulation for the transition amplitude in which the states of interest are selected by suitable projection operators. This method is originally the s~me as Feshbach's treatment in the nuciear reaction theory,
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and was later extended. and widely applied to electronic relaxation processes, i.e., intramolecular radiationless transitions, radiative decay of .large molecules, predissociation and so on. 3 l-5 l On the other hand, Fano 6 l employed the configuration interaction approach to the system consisting of one discrete state and one continuum, and along this line Riess 7 l discussed in detail the phenomenon of predissociatwn. Coulson and Zalewski 8 l concentrated on the time behavior of the decaying state by directly solving the time dependent Schrodinger equation and applied it to internal conversion, and after this V oltz 9 l extend~d and generalized this method by means ~f Heider's theory of damping phenomena to study the decay of an excited state through radiative and radiationless transitions.
In the :field of many-body problems, Zubarev 10 l discussed successfully the electron-phonon interaction, etc., using the double-time Green function: The equation of motion for the Green function was set up and then solved by approximately decoupling the chain of equations.
Therefore the correlation functions .connected with the evaluation of the observed quantities are obtained by applying the spectral theorem. This method is not always strict, but by physical intuition even terms corresponding to infinite order perturbation terms can be easily included, in other words, the partial summation of some kind of Feynman diagram in perturbation theory was carried out to an infinite order.
The purpose of this paper is to apply the method of equation of motion for the retarded Green function to a molecular system, to rederive the results that have been obtained in different ways, and to study the effects of the one-and two-photon processes.
In § 2, we set up a model Hamiltonian, the Green function and the correlation function and then solve the equation of motion for the Green fqn<;tion so as to include up to the two-photon process. We can give a compact exp;e;;.sJ~:q
for the Green function from which the transition probability is obtained. In the.
last part of this section, by analyzing the resultant self-energy part we investigatt? the effect of the two-photon process in detail, where the Feynman diagrams are used in order to schematically compare with perturbation theory. In § 3, the general expression obtained is applied t() some physical sitmttions as illustrative examples. As the simplest one, the radiative transition between two levels is examined and the result is compared with that of the first-order perturbation theory. Next, the coupling of a discrete level and a quasi-continuum is treated, and comparison with the configuration interaction method is perform~d. This problem is a model calculation of the predissociation or of the long life-time of small molecules. We also apply our treatment to the three-level system. and compare the result with that of Mower's. Finally, radiative decay accompanied with internaL conversion is discussed in detail by treating both the radiative and vibronic interactions. In § 4, we. explain the meaning of the approximation in this paper and give a discussion to further improvement. 
2-1) Model Hamiltonian and Green function
In the many-body problem, one-particle operators are defined at the beginning and then more complicated operators are constructed from them; in molecular crystals, the exciton operator which is usually a product of two single particle operato.rs behaves approximately Boson-like. In our theory, we represent the molecular state in the number representation as follows: (1)
Using the above basis set, we define the operators which create or annihilate the molecular state in the following way:
From the above definition, th~ following relations must be satisfied:
where 11: curly bracket {···, ···} means an anticommutator, that is, we treate the set of Ai and Ai+ as Fermion operators.
In our treatment, the radiation :field is also quantized and expressed in terms of a~c"~-and at, which, respectively, creates and annihilates a photon with a wave vector k and polarization A (in what follows, we omitthe symbol A for simplicity), and satisfy the Bose commutation relation. As· to Ai, the. annihilation operator of the i-th excited state of the molecule, a .quantum number i indicates Jhe electronic state with vibratiomil structure, that is, vibronic state· in our treatment.
The electron-photon interaction term is expressed as Hint and· the vibronic coupling term as Hv. Then .the total model Hamiltonian is given in the secondquantized form as (h = 1)
Here the photon field' is explicitly expressed, and the electron-photon interaction, using the dipole approximation eik·r = 1, is expressed explicitly as 11 > Hint= _ ( 2nhe
where V is the volume of the system, Pa is the momentum operator of the a-th electron and ek is the polarization vector of the photon with wave ,vector k. On the other hand the vibronic coupling term is formally given by (6) where 
In the above expression I 0; {nk} ), the molecular part IS vacuum and the photon part indicates the presence of the {nk} photons.
2-2) Green function and relevant correlation function
By use of the above properties of various operators, we will discuss the relationship betwe~n the Green. function and the time correlation function. From the definition (7) and Eq. (2), we obtain the following relations: 
where Iii (t) is the probability amplitude that, at time t, the molecular state still stays in the initial state li). Thus only when the initial and final molecular states are degenerate, the off-diagonal elements of G (t) or I(t) will be significant due to energy conservation. Also in the case of Gk (t), Gk+ (t) and higher order Green functions, similar relations hold:
and so on, where the probability amplitudes are given by ...
Feynman diagrams and corresponding probability amplitude.
(1) zero-photon process (2) one-photon process (3) two-photon process
then the correlation function is written with G (E) as
2 .
•J '
nz ' -oo where E+=E+ie, (e-4+0).
2-3) Equation of motion for Green function
According to Zubarev/ 0 > we can write the equation of motion for the Fourier transform of the Green function in the form (13) where a bracket [···, ···] indicates a commutatoL Using the model Hamiltonian (4) and taking into account Eq. (3), we obtain, from the above equation,
For the mixed type Green function appearing in Eq. (14), w:e get the following set of equations of motion:
In deriving Eq. (15), the higher order Green functions involving only molecular operators vanish due to Eq. (3). Also equations of motion for Gkk'+, Gk+k', Gkk' and Gk+k'+ are constructed in the same way as before and are given by ((a~cat,(at.+a~c.)Am; AJ+))
where n~c= (Oia~c +a~ciO).
(17)
Inserting the above approximation into Eq. (16), we get the following equations in the matrix form:
Then we substitute Eq. (18) into Eq. (15) to get the Green functions Gk and Gk+, but in this case we cannot directly solve the resulting coupled equations because of the summation over k'. Therefore we will try to get Gk and Gk+ in the following form : 
where Also combining Eq. (19) with Eqs. (14) and (18), we obtain various Green functions. It follows that where
G(E) = [E-E-Hv-M(E)]-1 ,

Gkk'+(E) =(E-E-Hv-wk+wk')-
which is called the self-energy part and plays an important role m the later section.
2-4) Analysis of the self-energy part M(E)
As seen from the expression for G (E) which includes all physical information about the system under consideration, the self-energy part M(E) plays a very important role, so that here we analyze this in detail. But for simplicity and easiness to compare with the results of perturbation theory, we for a while neglect the vibronic term Hv and treat only the radiative processes.
Solving Eq. (20) for U(E) and V(E) by iteration procedure and substituting this into Eq. (23), we get the following expression: 
,.
(-.;--·jt·--~--) Since the semicircle means the virtual photon process, these diagrams represent as a whole the one-photon emission as well as the diagram (a). Both diagrams (d) and (f) correspond to the twophoton emission, but the latter which is derived from the third line shows the interference between the two photons k and k'. Also the diagrams (g) and (h) are derived from the founth li!J.e and represent, respectively, one-.and two-photon emission with a virtual photon transition. In the above discussion, we treat only the emission processes but can include the absorption terms easily.
To compare with the perturbation treatment, a few terms of the imaginary part of Mu (E+), Im M;;(E+), may be written explicitly as follows: 
k'nL (E-E,.-wk-wk ,) (E-Ez-wk)
in nf f! Li + ...
{ H kHk'Hk'Hk HkHk'HkHk' n! (E-En-wk) (E-E 1 -wk) nL (E-En-wk) (E-E1 -wk')
+ (multi-photon terms) J.
In the above equation, the first term IS the one-photon process, each of which corresponds to the diagrams (a) and (c) respectively, and the second term is the two-photon process, and the former corresponds to the diagram (d) and the latter to (f). Thus the first term in Eq. (24) corresponds to the one-photon process including the virtual multi-photon process, that is, 'in our treatment, partial summation of the diagrams with semicircles representing the virtual process in Fig. 2 
G(E) = [E-E-H"-M(E)J-1 ,
Gk(E) = (1+nk) (E-E-H"-wk)-1 HkG,
Gk+(E) =nk(E-E-H"+wk)-1 HkG, M(E)=:EHk{ 1+nk
+ nk }nk. (27) k E
-E-H" -wk E-E-H" +wk
These equations may also be derived from the crudest approximation for Uk and Vk in Eq. (20).
3-1) Two-level system
Let us first consider the two-level system consisting of the levels 11) and 12). In this case, for simplicity, the vibronic interaction H" is not considered but only the radiative interaction Hint is included. Thus the Green function
G (E) and the self-energy part M(E) are expressed as
We can calculate the decay rate of the molecular state, using the above expression and following the procedure given by Eq. (12): (29) In deriving the above expression, we assumed that M(E) IS a small and slowly varying function with respect to the argument E, that is, the pole of this Green function and the matrix element M 11 (E+) are given by
E=E1+m1(E1) -irt(Et),
Mu(E+) =m1(E) -irt(E) -in :E {(1+nk)(J(E-E2-wk)+niJ(E-E2+wk)}Ht~H2~, (30)
k where P denotes a principal value. Thus the probability amplitude and the transi-tion probability that the state stays still in the initial state /1) at time t are respectively given by, using Eq. (8), (31) On the other hand, the transiti9n probability per unit time from the state /1) to /2) is expressed by perturbation theory as (32) Equations (31) and (32) show that the state /1) interacting with the state /2) through a perturbation Hint decays exponentially to the state /2) and its rate is the same as that derived from' perturbation theory.
Next, we will calculate the probability of the photon absorption using the Green function G"+. The results are summarized as follows:·
' H." -i(E,-Wlc)t
(a"+ (t)A2(t)Al+) = n" 2le .
{1-e-i(E,+m,-E,+w•)te-r•t}.
(33)
E2-w~c-El-ml+ zr1
In deriving the above expression, we completed the contour on the lower half plane and evaluated the integral at the two singularities given by the poles of
Gk+ (E) and used the energy. conservation law E1 = E 2-W~c, neglecting the small correction terms m1 and m2• Then the probability amplitude and transition probability are, respectively, expressed as · and summing over all absorbed (or emitted) photons, the total transition probability is given by
In calculating the above summation, this was replaced by integration and the contour for integration around the singularities was taken as described in Fig. 3 .
lm.w
Further we used the following relations:
for absorption process. (36) Re.w
If we sum up the P 11 and P 21 , then
which means the conservation of the pr?-bability. 
3-2) The coupling of a discrete state and a manifold
Here we consider only the vibronic interaction H" as perturbation and therefore the Green function is easily given as (38)
Using the above expression, the system consisting of a discrete state and a manifold is studied, for this section is a prototype of the next one involving a radiative interaction. The results obtained here are the same as the one given by the configuratioll interaction method, but in our treatment many quantities may be easily and directly derived from the Green function.
First, we consider here the system interacting through only H" bet;-veen a discrete state Is) and a discrete manifold {lEi); i= 1, 2, ... , N}. In this case the matrix element of the Green function G (E) is easily obtained as follows:
, where where F' (E) is a derivative of F(E) with respect to the argument E.
If only a discrete state Is) carries an oscillator strength to the ground state, then we may predict an absorption spectrum from the distribution of the state is) that is determined in general from the imaginary part of the Green function
G,,(E+), that is,
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7C =I:; {1-F'(Es)}-1 1J(E-En).
N (41)
When the vibronic interaction Hv is absent, the only ·single peak corresponding to the state is) is observed in the absorption spectrum. But as can be seen from Eq. (41), in this case many peaks with strength of {1-F'(E)}-1 appear and thus the absorption spectrum becomes complex. In other words, in fluorescence spectrum the life-time in small molecules would lie longer than that in large molecules because of the spreading of the radiative width of the state is) in mariy molecular states.
.
Next we consider a continuum as a manifold, thus we may replace :E.: by {dE,;p(E.:), where p(E) is the density of this manifold at eaergy E. Here we obtain the following expressions:
where
Therefore we get the transition amplitude, using Eq. (12)
(44) where .
J, =·J. (E.)' m,=m,(E,).
In deriving the above expression, we assumed that the .functions J,(E) and m, (E) are a smooth function of the argument E in the appropriate region and therefore the Green function has only a complex pole, thus the· state [s) decays exponentially in time. On the other hand, the distribution of the state [s) 1s given by
Thus the state is) in bedded in the continuum has the width J,, the reciprocal of which may be interpreted as the -life-time of the state [s) from the viewpoint of the original basis {is), I {E})}, not the new basis. {I {E} )}, and wqich is in this approximation the same as the one obtained by perturbation theory. Since its distribution is Lorentzian, the absorption spectrum has the broad band structure 
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with the width J.. This phenomenon is called predissociation.
3-3) Three-level system
359
As the third illustration, we treat both the radiative and vibronic interactions simultaneously to ·consider the stimulated transition between two unstable levels, and compare this result with Mower's. This physical situation is that the two levels 11) and 12) are nearly degenerate and are strongly coupled through a perturbation Hv, and both levels interact with a level 13) through a radiative interaction Hint. Thus using Eq. (27), the Green function and the self-energy part .are expressed as 
E-Es-Wk
In order to compare these results with Mower's, we write down the few matrix 'elements of Mower's treatment
. ,
From the explicit form of R(E) and M(E), it is evident that the matrix elements of the above two Green functions agree with each other. Thus using the Green function in Eq. ( 46), we can study the stimulated transition between two unstable states, but we stop a further discussion at this point; the reader interested in this subject should refer to Mower's paper}l
3-4), Radiative decay in internal conversion
In this section, we also treat both interactions Hv and Hint simultaneously in the system shown in Fig. 4 , and generalize the previous treatment. When the continuum is singlet, it carries the oscillator strength to some highly excited vibrational levels of the ground state. Thus we now have a situation where both Is) and ! {E.}) carry oscillator strength.
In this case, the Green function and the self-energy part are given by Eq. (27). In the following treatment, we neglect the off-diagonal matrix elements of the self-energy part M(E). 
G (E+)={E+-E-M (E+)-[dE'p(E') iH:E'i
where the following relations are used:
M~.(E+) =m,(E) -iT,(E) ME'E'(E+) =mE.(E) -iTE,(E)
~ the above expression, m., mE' and n, are the lev~l-shift and T,, TE' and J, are the level-width, each pair characterized by the same subscript comes from, in turn, the radiative interactions between is) and !g), and between I {E'}) and !g'), and the vihronic interaction between is) and I {E'} ). If it will be allowed to take the limit rE,-40, the last expression in Eq, (50) becomes (51) This expression is the same as that in Eq. ( 43); this situation occurs when the continuum dose not carry oscillator strength because of the vanishingly small Frank-Condon factor or of triplet character. The width Ll, caused by the vibronic interaction between is) and I {E'}) is, therefore, modified by the radiative width rE' so as to include effects of the radiative interaction Hint between I {E'} > and !g'), and should be different from that obtained by perturbation theory. The transition amplitude and the distribution of the state is) are given, in the approximation previously made,
Comparing these results with Eqs. ( 44) and ( 45), we see in this case that the state is) has a width cr.+ Ll.) and decays exponentially both to the ground state !g) and to the continuum I {E'}) with the transition probability r. and Ll.,
respectively.
On the o~~1er hand, the g_g matrix element of the Green function and its
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transition amplitude are given by
where the' following relations are used: Various treatments similar to the present theory have been tried hitherto for the radiative and nonradiative processes in molecules. In these treatments, as mentioned before, the Hamiltonian is not given in an explicit form, so. that the meaning of various physical processes become obscure. in performing approximations. Our theory is sometimes equivalent to the others, but the simultaneous treatment of radiative and vibronic interactions enable us to obtain various Green functions corresponding directly to various physical processes. It may also be pointed out that the second-quantized formalism helps us understand the situation more clearly.
In solving the equation of motion for the Green function, the decoupling procedure is suitably chosen to obtain the required Green function which describes the physical phenomenon at 1 various stages concerned. For example; the onephoton process «omes out of decoupling at the stage of Eq. (15), and two-photon process at Eq. (16). In § 3, however, we confi.:q.e.d ourselves to the one-photon process for simplicity. In this case the exponential decay of the excited state of the molecule was easily derived under the approximation that only the diagonal part of the self-energy part was taken into account and it was a smooth function of E. If we want to obtain the non-exponential decay, it is necessary to analyze the poles of the Green function by more complete treatment of the self-energy part. As to the two-photon process, discussion of considerable detail was given in § 2•4, wherein the real and virtual transitions were classified.
lp. this paper we have written only the photon part explicitly and the phonon part has been included in the electronic part, that is, we have treated the vibronic state as the molecular basis set. Thus the vibronic interaction Hamiltonian was formally defined such as in Eq. (6); this is however, essentially the kinetic energy operators of the nuclei. But since in this paper we have concentrated on the transitions between the vibronic states, we have treated the interaction Hamiltonian such as in Eq. ( 4). If we treat the phonon part explicitly in addition to the electron part in the second-quantization formalism, the vibronic interaction Hamiltonian must be expressed explicitly in terms of the electron and the phonon operators. But an explicit expression of it is very complicated in order to transform into number representation because of the difficulty of handling the nuclear coordinates which appear as parameters in the electronic wave function in the BornOppenheimer approximation. However if we take, as the vibronic interaction Hamiltonian, the term linearly proportional to the displacement of the nuclear coordinate as has been done in the Hertzberg-Teller theory,l 2 l and further express the phonon part explicitly in the second-quantized form, then the Hamiltonian referring to the phonon dose show the sa:ine structure as that. of the photon in Eq. ' ( 4). Therefore, in discussing the role of th~ phonon in internal conversion, it is sufficient that we may regard the role of photons in the present treatment as that of the phonon, so that the previous formalism dose not change. Thus the temperature dependence may be easily derived through the phonon distribution function {np}. In this case the multi-phonon process, especially the virtual phonon process, may significantly contribute as well as in the case of the vibrational relaxation process which r.esults in the anharmonicity of the adiabatic potentiaL The defect of our theory might be the introduction of the excitation operators
Ai and Ai+ as Fermion operators which respectively create and annihilate the molecular state li) without any justification. The operators Ai and Ai+ should be constructed, in principle, from appropriate one-particle operators, because only the one-partiCle operators (for example, which correspond usually to the HartreeFock orbital in molecular physics) are well defined. However, As we are interested not in the correlation problems of the molecule which are required in the calculation of the excited state of molecules but in the time behavior of the excited state of molecules, we have introduced the excitation operators, and thus we have treated in this paper the problem of the transitions between the molecular states. Therefore in this picture, the physical situation were visualiz-ed more clearly. On the other hand, in the solid state physics, the exciton operator which is made up of the linear combination of all particle-hole pair operators is handled as an approximately Boson operator. But here we treat the operators A.: and A.:+ as Fermion operators. Though it would be necessary to rediscuss this point in addition to that of the explicit representation of the phonon, the essential features in this paper would not change so greatly. /
